This paper uses frame techniques to characterize the Schatten class properties of integral operators. The main result shows that if the coefficients { k, Φ m,n } of certain frame expansions of the kernel k of an integral operator are in ℓ 2,p , then the operator is Schatten p-class. As a corollary, we conclude that if the kernel or Kohn-Nirenberg symbol of a pseudodifferential operator lies in a particular mixed modulation space, then the operator is Schatten p-class. Our corollary improves existing Schatten class results for pseudodifferential operators and the corollary is sharp in the sense that larger mixed modulation spaces yield operators that are not Schatten class.
Introduction
Integral operators arise naturally in many areas of mathematics and science. Pseudodifferential operators, which are a particular type of integral operator, have appeared widely in the literature of physics, signal processing and differential equations. An overview of pseudodifferential operators is given in Chapter 14 of [9] , while more detailed expositions are found in [6] , [13] , and [16] . Because of the role of pseudodifferential operators in partial differential equations, the smoothness of the Weyl and Kohn-Nirenberg sym-bols of a pseudodifferential operator has traditionally been used to characterize properties of the operator, with the Hörmander symbol classes playing key roles.
More recently, pseudodifferential operators have been studied from a timefrequency perspective. Every pseudodifferential operator is a superposition of time-frequency shifts, and the properties of pseudodifferential operators have been well-described by time-frequency analysis. Results with this flavor appear in [3] , [17] and [21] . In particular the modulation spaces M p,q w (R d ), which are Banach spaces characterized by time-frequency shifts, have been useful symbol spaces for studying continuity and Schatten class properties of pseudodifferential operators. Using Gabor frames, elements in these spaces can be decomposed into a superposition of time-frequency shifts, and this Gabor frame decomposition of the symbol of a pseudodifferential operator can be used to characterize the properties of the operator. Results of this type appear in [2] , [8] , [10] , [14] , [18] and [20] , while modulation spaces appear implicitly in [11] , [19] , [5] , [12] and [15] .
In this paper we develop a technique for analyzing the kernel of an integral operator which both generalizes and improves existing time-frequency analysis techniques of pseudodifferential operators, and in particular yields larger non-smooth classes of Kohn-Nirenberg symbols which ensure that a given pseudodifferential operator is Schatten p-class.
To obtain our main result, we analyze the slices of the kernel of an integral operator with a frame. If these decomposed slices have a certain decay, then the operator is Schatten p-class. As a special case, we obtain the following theorem.
Analyzing the slices of the kernel as in Theorem 1.1 with a Gabor frame in particular gives a time-frequency condition on the kernel which ensures the operator is Schatten p-class. We show that this condition holds for kernels belonging to certain Banach spaces M(c) , while the mixed modulation space described by Theorem 1.2 essentially only has two decay parameters. This disparity suggests that Theorem 1.2 may be extended to a larger mixed modulation space by a more subtle analysis of the kernel of a pseudodifferential operator. However, this is not the case. In fact, we show that Theorem 1.2 is sharp in the sense that larger mixed modulation spaces contain kernels and symbols of pseudodifferential operators that are not Schatten p-class.
The paper is organized as follows. Section 2 contains preliminary and background information. Section 3 is devoted to the proof of Theorem 1.1. In Section 4, the definition of mixed modulation spaces M(c) p 1 ,p 2 ,...,p 2d w is given and the properties of these spaces are described. In Section 5, we apply the results of Sections 3 and 4 to pseudodifferential operators.
Preliminaries

Weight functions
A weight function v has polynomial growth if there are C, s ≥ 0 such that
For each s ≥ 0, the function v s (z) = (1 + |z|) s is a submultiplicative weight function with polynomial growth.
then we call w a v-moderate weight.
We will assume throughout this paper that v :
We also assume throughout that w is a v-moderate weight.
Mixed norm spaces
, with the usual modifications for indices p i which equal ∞. If the measures µ i for all i = 1, 2, . . . , d are clear from context we simply write L
If each X i is countable and µ i is counting measure on X i we simply write ℓ
The mixed norm spaces L are Banach spaces can be extended to the mixed norm spaces (see [1] ). The following technical lemma will be useful in later sections.
Schatten class operators
Definition 2.5. Suppose H is a Hilbert space and A : H → H is a linear operator. We say A is Schatten p-class and write A ∈ I p (H) if
where the supremum is taken over all pairs of orthonormal sequences {f n } n∈N ,
Equivalently, an operator is Schatten p-class if its singular values constitute an ℓ p sequence. Consequently, trace-class operators are exactly the Schatten 1-class operators and Hilbert-Schmidt operators are the Schatten 2-class operators. Schatten ∞-class operators are bounded operators.
Gabor Transform
Suppose f :
The function φ is called the window function of the Gabor transform.
The value of V φ f (x, ξ) gives information about the time-frequency content of f around x in time and ξ in frequency. See [9] for background and information about the Gabor transform.
Gabor Frames Definition 2.7.
A frame for a Hilbert space H is a sequence of elements {φ x } x∈Λ in H such that there are A, B > 0 with
for all f ∈ H. In this case A, B are frame bounds. If we can take
Frames give nonorthogonal expansions of elements of H in terms of the frame elements. In particular, if {φ x } x∈Λ is a tight frame for H with frame bound B, we have
See [4] for general background on frames and [9] for examples and properties of Gabor frames. In particular, there are tight Gabor frame for
However, the different statements of the Balian-Low Theorem show that the elements of a Gabor frame which offers unique expansions (i.e. a Gabor Riesz basis) necessarily have poor time-frequency localization.
Wilson Bases
Wilson bases are orthonormal bases similar to Gabor Riesz bases in that they allow for unique, discrete expansions of the elements of L 2 (R d ) in terms of time-frequency "molecules." However, in contrast with Gabor Riesz bases, the elements of a Wilson bases may be well-localized in time and frequency.
For
where
In this case we call {Ψ k,n } k∈Z d ,n∈(Z + ) d the Wilson basis generated by ψ (see [9] for details).
Modulation Spaces
Fix
Integral operators and Pseudodifferential Operators
An operator A of the form
is an integral operator. The function k is the kernel of A.
A pseudodifferential operator with Kohn-Nirenberg symbol τ is an operator having the form
Suitable K τ can be realized as integral operators. In particular, if we let F 2 denote the partial Fourier transform on the last d variables of a function of 2d variables, i.e.
where N(x, y) = (x, x − y) for x, y ∈ R d . In general, the time-frequency properties of the symbol of a pseudodifferential operator determine if the operator is Schatten p-class. Results of this type can be found in [8] , [10] , [15] , [19] , and [20] . The strongest of these results is found in [8] , in which the authors obtain estimates on the singular values of pseudodifferential operators. The following theorem is a special case of Theorem 1.2 in [8] . 
A Schatten Class result for integral operators
In this section we find a general condition on the kernel of an integral operator which ensures the operator is Schatten p-class.
Then for all
Proof. Since {φ n } n∈Λ has frame bounds
and
Hence the theorem holds for p = 1 and p = 2. The Riesz-Thorin Interpolation Theorem gives the result for p ∈ (1, 2).
Expanding f j with the frame {φ m } m∈Λ and using the previous lemma, we have
Taking the supremum of
p over all such orthonormal sequences {f j } j∈N , {g j } j∈N gives the result.
The proofs of Lemma 3.1 and Theorem 3.2 can be generalized to prove Theorem 1.1.
Mixed Modulation Spaces
In this section we introduce a generalization of the modulation spaces M p,q w (R d ). Throughout this section, we assume c is a permutation of the set {1, 2, . . . , 2d}. To simplify some notation we identify c with the bijection c : R 2d → R 2d given by c(x 1 , . . . x 2d ) = (x c(1) , . . . , x c(2d) ).
Definition 4.1. Suppose φ ∈ S(R d ) and c is a permutation of {1, 2, . . . , 2d} corresponding to the map c. Let M(c)
When w = 1 we write M(c)
Notice that if c is the identity permutation and
Hence the mixed modulation spaces are indeed generalizations of modulation spaces. Also notice that if
for any permutation c. The most interesting properties of modulation spaces carry over to the mixed modulation spaces. As the proofs are basic generalizations of the proofs for modulation spaces, we state these properties without proof. See [9] for a detailed account of the properties of modulation spaces.
is an equivalent norm on M(c) 
The next theorem states that if the window function is nice then a Gabor frame for L 2 (R d ) gives bounded decompositions for all mixed modulation spaces. max {v(t, 0, . . . , 0), v(0, t, 0, . . . , 0) , . . . , v(0, . . . , 0, t)} for each
is an isomorphism from M(c)
Pseudodifferential Operators and Schatten classes
In this section we will use Theorem 3.2 to find conditions on the kernel and Kohn-Nirenberg symbol of a pseudodifferential operator that guarantee the operator is Schatten p-class.
We are particularly interested in permutations c of {1, 2, . . . , 4d} satisfying the following: (a) c maps {1, 2, . . . , d, 2d + 1, 2d + 2, . . . , 3d} to {1, 2, . . . , 2d} bijectively and (b) c maps {d + 1, d + 2, . . . , 2d, 3d + 1, 3d + 2, . . . , 4d} to {2d + 1, . . . , 4d} bijectively.
We call such permutations slice permutations because they relate nicely to the slice analysis of Section 3.
Proof. Let {π αm φ} m∈Z 2d = {φ m } m∈Z 2d be a Parseval Gabor frame for
). Let Φ m,n (t, y) = φ m (t)φ n (y). By Lemma 3.2 in [11] , {Φ m,n } m,n∈Z 2d is a Parseval frame for L 2 (R 2d ). For m 1 , m 2 , n 1 , n 2 ∈ Z d , with m = (m 1 , m 2 ) and n = (n 1 , n 2 ), we have
For each slice permutation c, we see that
where B is the constant ensured by Theorem 4.6(a). Hence if k ∈ M(c)
We can extend Corollary 5.1 to conditions on the symbol of a pseudodifferential operator. 
Proof. Using the fact that
Theorem 5.2 is stronger than the previously known Theorem 2.8, as the following lemma shows. 
Lemma 5.3. Let c be a slice permutation and let
with s ≥ 0. Hence we obtain the following diagram
Since S is an isomorphism, the result follows. To avoid complicated notation, we prove the theorem only for the permutation c(x 1 , . . . , x 4d ) = (x d+1 , . . . , x 2d , x 3d+1 , . . . , x 4d , x 1 , . . . , x d , x 2d+1 , . . . , x 3d ). The result is proven similarly for other slice permutations.
In the case that (a) or (b) holds, we can adapt some of the arguments in [7] to complete the proof. In particular, if k(t, y) = k 1 (t)k 2 (y) is the kernel of an integral operator A, then Af = f, k 2 k 1 .
is not bounded. Let c ′ be the permutation with associated bijection c ′ (n 1 , . . . , n 2d ) = (n d+1 , . . . , n 2d , n 1 , . . . n d ). If (a) holds, choose k 1 ∈ M 2,2
..,p 4d . In either case k(t, y) = k 1 (t)k 2 (y) ∈ M(c)
